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Abstract
A little over ten years ago, Campisi, and Dunkel and Hilbert, published papers claiming 
that the Gibbs (volume) entropy of a classical system was correct, and that the Boltzmann 
(surface) entropy was not. They claimed further that the quantum version of the Gibbs entropy 
was also correct, and that the phenomenon of negative temperatures was thermodynamically 
inconsistent. Their work began a vigorous debate of exactly how the entropy, both 
classical and quantum, should be defined. The debate has called into question the basis of 
thermodynamics, along with fundamental ideas such as whether heat always flows from hot to 
cold. The purpose of this paper is to sum up the present status—admittedly from my point of 
view.

I will show that standard thermodynamics, with some minor generalizations, is correct, and 
the alternative thermodynamics suggested by Hilbert, Hänggi, and Dunkel is not. Heat does 
not flow from cold to hot. Negative temperatures are thermodynamically consistent. The small 
‘errors’ in the Boltzmann entropy that started the whole debate are shown to be a consequence 
of the micro-canonical assumption of an energy distribution of zero width. Improved 
expressions for the entropy are found when this assumption is abandoned.
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1. Introduction

In recent years, a controversy has arisen about how we are to 
understand and express some fundamental concepts in statisti-
cal mechanics and thermodynamics. The debate has centered 
on the concept of negative temperatures [1, 2], but it goes 
much deeper. It has been proposed by some authors [3–15] 
that:

 1.  The definition of the thermodynamic entropy should be 
based on the integral over all points in phase space below 
the energy of the system, which is referred to as the Gibbs 
entropy [16]1.

 2.  The Gibbs entropy is the only expression consistent with 
thermodynamics [5].

 3.  A definition of the entropy in terms of an integral over 
a constant energy surface in phase space, known as the 
Boltzmann entropy [17, 18], is rejected.

 4.  Negative temperatures are excluded due to the structure 
of the Gibbs entropy [5].

 5.  The entropy is not additive, i.e. the entropy of a composite 
system is not given by the sum of the entropies of the 
individual systems [12]2.

 6.  When two systems are at the same temperature, they will 
not necessarily be in equilibrium if they are put in thermal 
contact [12].

 7.  Heat can flow from cold to hot [12, 15].

 8.  Thermodynamics applies to systems of any size—even a 
single particle [12, 15].

Other authors, myself included, have disputed these points 
[19–34]. The most fundamentally important issue in the 
debate is whether entropy is additive in thermodynamics, but 
the one that has aroused the most interest is whether negative 
temperatures provide a consistent description of systems with 
a decreasing density of states in some energy region.

Since the domain of thermodynamics is part of the debate, 
I will discuss it in section 2. I am skeptical that thermodynam-
ics can be usefully extended to small systems, but since ther-
modynamics must at least apply to macroscopic systems, this 
extension is not important for my arguments.

Some authors view the controversy as solely concerning 
the choice between the Gibbs expression for the entropy and 
the Boltzmann expression [12, 13]. I regard this as too limited, 
since there are better options than either. I will, however, have 
something to say about this limited controversy in section 5.5.

The situation is complicated by the very different views 
of thermodynamics taken by the two sides, which makes it 
difficult to achieve consensus. For this reason, I consider the 
two opposing descriptions of thermodynamics: the standard 
version [35–43], as described by Tisza and Callen [44–46], 
and the alternative proposed by Hilbert, Hänggi, and Dunkel 
(HHD) [12, 15]. These two may not cover all opinions, but 
they will provide a starting point for discussion.

The two views of thermodynamics are presented in sec-
tions 3 and 4. The most important difference is that standard 
thermodynamics gives the entropy of a composite system as 
the sum of the entropies of the individual systems, whether 
or not there is a constraint restricting the exchange of energy, 
particles, etc. between the two systems. When a constraint is 
released, the total entropy is maximized, so that the derivative 
of the total entropy with respect to the released variable van-
ishes. This leads to the prediction that two systems at the same 
temperature can be brought into thermal contact with each 
other without changing their state. In contrast, HHD reject the 
additivity of entropy for interacting systems, and regard the 
prediction that heat flows from hot to cold as ‘naive’ [12].

Another disagreement lies in the precision of thermody-
namic predictions. I maintain that thermodynamic fluctuations 
prevent any measurement of the properties of macroscopic 
systems from being predicted with arbitrary precision. As a 
general rule, relative fluctuations are of the order of 1/

√
N , 

where N is the typical number of particles in the system of 
interest. Repeated measurements of the same property will 
differ by a corresponding amount.

However, 1/
√

N  is usually very small for macroscopic 
systems. If a system contains 1020 particles (less than a thou-
sandth of a mole) the relative uncertainty due to fluctuations 
will be of the order of 10−10. If only eight or nine digits are 
required, a unique prediction can be made. Thermodynamics 
applies to experiments for which there is a sufficient number 
of particles so that the thermal fluctuations are smaller than 
the precision of measurement. This means that a single meas-
urement is sufficient to determine the outcome of a thermo-
dynamic experiment. Thermodynamics can be regarded as a 

1 I am using the term ‘Gibbs entropy’ to refer to the definition of the entropy 
in terms of the logarithm of the volume of phase space with energy less than 
a given energy. It is not to be confused with another definition of entropy 
due to Gibbs in terms of an integral of 

∫
ρ ln ρ, where ρ is the probability of 

a microscopic state.
2 I am distinguishing additivity from extensivity. The entropies of two sys-
tems are additive when SA,B = SA + SB . The entropy of a system is extensive 
when λS(U, V , N) = S(λU,λV ,λN). If a system is homogeneous, additivity 
implies extensivity.
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deterministic theory, subject to the limits on the precision of 
predictions.

This view is not undisputed. The opposing view of HHD is 
that thermodynamics should predict the exact average value of 
a quantity of interest [3–15]. Even a discrepancy of the order 
of 1/N is not permitted. However, the form of the entropy that 
they advocate does not fulfill this strict criterion for all meas-
urable variables.

I will discuss the two microcanonical theories of entropy 
in statistical mechanics in section 5, including the special case 
of a first-order transition. Then I will turn to quantum statis-
tical mechanics, which is where negative temperatures most 
naturally arise. In sections 6 and 7, I will give two expressions 
for the entropy that do predict the exact averages. I will deal 
with the problem of continuity [28], which HHD regard as an 
open problem [15], and show that the thermodynamic entropy 
should be formulated differently than either the Boltzmann or 
the Gibbs version [28, 29, 47].

2. The scope of thermodynamics

Among the subjects of disagreement is the question of the 
domain of applicability of thermodynamics. Traditionally, ther-
modynamics has been applied to many-body systems, but some 
of those who oppose the concept of negative temperatures also 
think that thermodynamics should be extended to very small 
systems—even down to a system consisting of a single particle. 
Others, who are mostly not in this group, believe that thermo-
dynamics is only valid in the limit of infinite systems, which 
has been called the ‘thermodynamic limit’ [48–51]. These three 
domains are essentially different, implying that a single theory 
might not be appropriate to describe them all.

2.1. Finite macroscopic systems

What I mean by a ‘finite macroscopic system’ is that the 
magnitude of the fluctuations for any quantity of interest is 
substantially smaller than the resolution of the experiments 
that thermodynamics is intended to describe. If this condition 
is satisfied, the predictions of statistical mechanics and ther-
modynamics are deterministic. This is the regime in which 
thermodynamics is most useful, since it makes unambiguous 
predictions of the outcomes of experiments.

Gibbs expressed it clearly in the Preface to his book on 
‘Elementary Principles in Statistical Mechanics’:

The laws of thermodynamics, as empirically deter-
mined, express the approximate and probable behavior 
of systems of a great number of particles, or, more pre-
cisely, they express the laws of mechanics of such sys-
tems as they appear to beings who have not the fineness 
of perception to enable them to appreciate quantities of 
the order of magnitude of those which relate to single 
particles, and who cannot repeat their experiments often 
enough to obtain any but the most probable results [16].

The experimentally observed value of a quantity of inter-
est is predicted to be given by the location of a narrow peak 

in the probability distribution for that quantity. The location 
can be specified in a variety of ways. The mean, the mode, 
the median, or any quantity that can be shown to be within the 
range of the peak gives the same value within the resolution of 
the experiment. Claims to be able to distinguish between the 
mean and the mode are not experimentally practical. The dif-
ference is of order 1/N, while the width of the peak is of order 
1/
√

N . To resolve the difference between the mean and the 
mode of the energy for a system containing as few as 1012 par-
ticles would require one measurement of better than N-digit 
accuracy every second for over 30 000 years [27].

A particularly useful feature of the application of thermo-
dynamics to finite macroscopic systems is that only a single 
measurement is necessary to check a thermodynamic predic-
tion. There are, of course, reasons to make multiple meas-
urements—any experiment must be replicable—but repeated 
measurements are not required for statistical averaging.

2.2. Small systems

I take a ‘small system’ to mean one for which the fluctua-
tions of a quantity of interest are not smaller than the exper-
imental resolution. There are many such systems that are of 
great theor etical and experimental importance. Biological 
molecules, just to name one class of interesting materials, are 
the subject of major research efforts.

The goal of any theory of the properties of small systems 
is fundamentally different than that of thermodynamics. 
Deterministic predictions are essentially impossible due to the 
inherent fluctuations, which are part of the essential physics.

A difference in applying thermodynamic equations to small 
systems lies in the necessity of making many measurements to 
determine the average value of a single quantity. For example, 
since the probability distribution for quantities of interest are 
broader than the experimental resolution, repeated measure-
ments are needed to determine the average value of the total 
energy. For small systems, the details of the fluctuations are 
almost always of interest, while for macroscopic systems, the 
fluctuations are too small to measure.

The second law of thermodynamics is not applicable to 
a small system in its usual form. The fluctuations that make 
many measurements necessary also mean that a human 
experimenter can play the role of a kind of Maxwell’s demon.  
For example, if a small number of particles are moving in a 
container with a removable partition, simply wait until a large 
fluctuation is observed, and then insert the partition. A less 
probable state will be produced, and the entropy will be low-
ered without doing work on the system.

The problem is further complicated by interactions with 
other systems that can usually be neglected for finite macro-
scopic systems. If a system consists of only a few molecules, 
the exchange of energy with the outside world must involve at 
least one other atom, the effects of which cannot be neglected 
at the level of accuracy claimed.

Another aspect of applying thermodynamic equations to 
small systems is that the desired information is usually very 
different. For the simplest thermodynamic systems, there 
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are only three independent variables: energy, volume, and 
number of particles. Several more variables are needed if 
the system contains different types of particles or electric 
or magnetic fields, but that’s about all. For small systems, 
many more variables are of interest. For example, when a 
biological molecule has two or more long-lived configura-
tions, histograms of the energy and the separation of specific 
atoms might be important to consider. Statistical mechan-
ics calculations are much more appropriate in this case than 
thermodynamics.

For these reasons, I do not believe that applying thermo-
dynamic equations  to small systems is particularly useful. 
The subject is too important to be limited by an inappropriate 
application of thermodynamics.

2.3. Infinite systems

The term ‘thermodynamic limit’ usually refers to the entropy 
(or other thermodynamic function) divided by the number of 
particles (S/N) in the limit of an infinite system (N → ∞) 
[48–51]. The name comes from the belief that it is only in 
this limit that thermodynamics is strictly valid, which is not 
correct in my opinion. My view is that thermodynamics is 
valid for finite macroscopic systems, as defined in section 2.1. 
Furthermore, the limit of N → ∞ has several disadvantages.

The most obvious disadvantage is that thermodynam-
ics predictions come from using the full entropy and not the 
entropy per particle. If two systems at different temperatures 
are put in thermal contact with each other and allowed to 
come to equilibrium, the final temperature will depend on the 
relative sizes.

If the behavior of the entropy per particle in the limit 
N → ∞ differs qualitatively from that of a corre sponding 
finite macroscopic system, the finite system takes prece-
dence. This is the case for first-order phase transitions, for 
which some proposed forms of entropy display a region with 
positive curvature in a plot of S versus U. Such a positive 
curvature is forbidden by an exact thermodynamic inequality. 
The magnitude of the positive curvature diverges for short-
range interactions as N1−1/d, where d is the dimension of the 
system, although the curvature becomes zero for S/N versus 
U/N in the limit N → ∞. For long-range interactions, the 
magnitude of the positive curvature diverges as N, and the 
curvature remains positive for S/N versus U/N in the limit 
N → ∞ [47, 49].

If the system is essentially non-extensive, such as a gas that 
has a container with adsorbing walls, all physics affected by 
that non-extensive nature will be lost in the limit N → ∞. For 
such systems, the thermodynamic limit distorts the true physics.

3. Standard thermodynamics

In this section and the one following it, I compare standard 
thermodynamics and the version of thermodynamics sug-
gested by HHD, to see how well each satisfies the goal of 
thermodynamics. This goal has been described by Callen as 
follows:

The single, all-encompassing problem of thermody-
namics is the determination of the equilibrium state 
that eventually results after the removal of internal con-
straints in a closed, composite system [45, 46].

It should be noted that determining the state after the imposi-
tion of constraints, such as separating two systems in thermal 
equilibrium, is also part of the fundamental problem. Callen 
did not mention it because it is trivial in standard thermody-
namics. I mention it here because it is not trivial in HHD ther-
modynamics (see section 4).

Callen’s postulates for thermodynamics [45, 46] repre-
sented a great advance in understanding the underlying struc-
ture of the theory, and codifying the standard views [35–43]. 
They play an essential role in establishing the mathematical 
requirements of the entropy, clarifying the reasons for the 
essential features, and confirming that any suggested form 
satisfies all necessary conditions.

I have previously proposed modifications of the Callen 
postulates: Once was for didactic reasons in my book [43], 
and again to take recent developments into account [34, 52]. 
I will not repeat the modified postulates from my book, but 
I will give the original Callen postulates in section  3.1 for 
comparison with the reduced list of essential postulates in 
section 3.2. A minimal set of four essential postulates is pro-
posed, together with three optional postulates, for special situ-
ations. A more complete description of why each postulate is 
necessary is in [34].

3.1. Callen’s postulates

Before giving his postulates, Callen restricts them to ‘simple 
systems’, defined as

systems that are macroscopically homogeneous, iso-
tropic, uncharged, and chemically inert, that are suffi-
ciently large that surface effects can be neglected, and 
that are not acted on by electric, magnetic, or gravita-
tional fields [45, 46].

The postulates themselves follow.

Callen’s Postulate 1:
There exist particular states (called equilibrium states) 
of simple systems that, macroscopically, are character-
ized completely by the internal energy U, the volume V , 
and the mole numbers N1, N2 Nr of the chemical comp-
onents [45, 46].

I only write the equations for one type of particle (the general-
ization is trivial), and use N to denote the number of particles, 
instead of the number of moles.

Callen’s Postulate 2:
There exists a function (called the entropy S) of the 
 extensive variables of any composite system, defined 
for all equilibrium states and having the following prop-
erty: The values assumed by the extensive parameters 
in the absence of an internal constraint are those which 
maximize the entropy over the manifold of constrained 
equilibrium states [45, 46].
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Callen’s Postulate 3:
The entropy of a composite system is additive over the 
constituent subsystems. The entropy is continuous and 
differentiable and is a monotonically increasing func-
tion of the energy [45, 46].

Callen’s Postulate 4:
The entropy of any system vanishes in the state for 
which (∂U/∂S)V ,N = 0 (that is, at the zero of temper-
ature) [45, 46].

3.2. The essential thermodynamic postulates

Simpler postulates with fewer conditions are sufficient for 
consistent thermodynamics. A list of the essential postulates, 
which I have explained in more detail in [34], are given below.

Postulate 1: Equilibrium States
There exist equilibrium states of a macroscopic system 
that are characterized uniquely by a small number of 
extensive variables [34].

The term ‘state function’ is used for a function of the small 
number of variables necessary to specify an equilibrium state. 
The primary variables are the extensive ones, which specify 
quantities.

Postulate 2: Entropy Maximization
The values assumed by the extensive parameters of an 
isolated composite system in the absence of an internal 
constraint are those that maximize the entropy over the 
set of all constrained macroscopic states [34].

This postulate requires that the total entropy cannot 
decrease when a constraint is released. It also indicates 
how the new values of the extensive variables can be 
calculated.

Postulate 3: Additivity
The entropy of a composite system is additive over the 
constituent subsystems [34].

Additivity means that

Sj,k(Ej, Vj, Nj; Ek, Vk, Nk) = Sj(Ej, Vj, Nj)

+ Sk(Ek, Vk, Nk),
 (1)

where Sj and Sk are the entropies of systems j and k. There are 
no other conditions that the joint entropy must satisfy.

Postulate 4: Continuity and differentiability
The entropy is a continuous and differentiable function 
of the extensive parameters [34].

The entropy, S, can be shown to be a continuous function of 
the energy, U, even for for finite quantum systems [28].

3.3. Optional thermodynamic postulates

The remaining postulates are important for more limited cases.

Postulate 5: Extensivity

The entropy is an extensive function of the extensive 
variables [34].

Extensivity means that

S(λU,λV ,λV) = λS(U, V , N). (2)

This postulate requires the system to be homogeneous. It is 
not always true, but it is useful for studying bulk material 
properties.

Postulate 6: Monotonicity
The entropy is a monotonically increasing function of 
the energy for equilibrium values of the energy [34].

This postulate enables the inversion of S = S(E, V , N) to 
obtain U = U(S, V , N). Several thermodynamic potentials 
can then be derived in a familiar form, although this is not 
necessary. Massieu functions, which are Legendre trans-
forms of the entropy with respect to the energy or the parti-
cle number [53, 54], can be used for a general treatment [28, 
29, 47].

Postulate 7: Nernst Postulate
The entropy of any system is non-negative [34].

The Nernst postulate, or third law of thermodynamics, has not 
been phrased here in terms of the limit (∂U/∂S)V ,N → 0, as is 
usual. It is true for all quantum systems.

That completes the set of thermodynamic postulates. 
Section 3.4 discusses some important consequences of these 
postulates, which are commonly used, but in conflict with 
HHD [12, 13, 15]. Section 3.5 will show how the laws of ther-
modynamics follow from these postulates, and the specific 
form they take. The results will be compared and contrasted 
with the HHD formulation of the laws of thermodynamics, 
which differ in several essential ways.

3.4. Consequences of the postulates

Standard thermodynamics begins with the existence of state 
functions, which depend on the extensive variables, but do not 
depend on the history of the system in any way.

The entropy is a particularly important state function, 
which is assumed to have a variety of properties. The most 
important property of the entropy is that it goes to a maximum 
if any internal constraints are released. If, for example, two 
systems (labelled j and k) are put into thermal contact with 
each other (the constraint on the exchange of energy between 
the systems is released), the equilibrium values of the indi-
vidual energies U∗

j  and U∗
k  satisfy

Sj,k(U∗
j , Nj; U∗

k , Nk) � Sj,k(Uj, Nj; Uk, Nk) (3)

for any distribution of the energies Uj and Uk, with fixed total 
energy Uj,k = Uj + Uk = U∗

j + U∗
k  and fixed particle num-

bers Nj and Nk. U∗
j  and U∗

k  are the equilibrium values of the 
thermodynamic energy, and are predicted by maximizing 
the entropy. The same procedure can be applied to any other 
extensive variable (V , N, etc.) to predict the equilibrium val-
ues for any thermodynamic experiment.
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From the third postulate (additivity), the entropy of a com-
posite system is the sum of the entropies of the individual 
systems

Sj,k(Uj, Nj; Uk, Nk) = Sj(Uj, Nj) + Sk(Uk, Nk). (4)

If the entropy is continuous and differentiable (fourth pos-
tulate), equation (4) then implies that at equilibrium,

∂

∂Uj
Sj,k(Uj, Nj; Uj,k − Uj, Nk) =

∂

∂Uj
Sj(Uj, Nj)

+
∂Uk

∂Uj

∂

∂Uk
Sk(Uk, Nk)

= 0

 

(5)

or, since ∂Uk/∂Uj = ∂(Uj,k − Uj)/∂Uj = −1,

∂

∂Uj
Sj(Uj, Nj) =

∂

∂Uk
Sk(Uk, Nk). (6)

This last equation  requires that if two systems are in equi-
librium with respect to energy transfer, ∂Sj/∂Uk must have 
the same value as the corresponding property of system k. 
That property must be some function of the temperature, and 
comparison with the entropy of the classical ideal gas [43–46] 
shows it to be the inverse temperature.

1
T

=

(
∂S
∂U

)

V ,N
. (7)

If this procedure is extended to the other extensive variables, 
other intensive variables may be derived to describe equilib-
rium with respect to volume (P/T), particle number (−µ/T ), 
etc.

In summary, standard thermodynamics assumes that the 
entropies of individual systems (Sj) are known. It then pre-
dicts the entropy of an arbitrary composite system, as well 
as the values of the extensive parameters after release and/or 
imposition of any constraints.

3.5. The laws of thermodynamics

The laws of thermodynamics were essential to the historical 
development of the theory. They arise naturally as conse-
quences of the postulates.

The first law of thermodynamics is just the conservation 
of energy. It is so well established that it is no longer surpris-
ing, although the identification of the phenomenon of heat as 
a form of energy transfer was one of the great achievements 
of the nineteenth century. It is to be found in (or underlying) 
all equations of thermodynamics, most explicitly in the form,

dU = d̄Q + d̄W, (8)

where dU is the differential change in the internal energy of 
a system, đQ is the heat added to the system, and đW  is the 
work done on the system (the symbol đ  indicates an inexact 
differential).

The second law of thermodynamics is a direct consequence 
of the second essential postulate. It can be written as

∆S � 0, (9)

where ∆S indicates a change of the total entropy upon release 
of any constraint.

The third law of thermodynamics is also known as the 
Nernst postulate. It has been discussed in section 3.3.

The zeroth law of thermodynamics was the last to be 
named. It was recognized to be of great importance, but the 
laws numbered 1–3 were already well established. It is given 
by Fowler and Guggenheim [36] in the form

If two assemblies are each in thermal equilibrium with 
a third assembly, they are in thermal equilibrium with 
each other.

It is a direct consequence of equation (6), which follows from 
essential postulates 2 and 3.

Next, I consider the alternative version of thermodynamics 
presented by Hilbert et al in [12], and elaborated by Hänggi 
et al in [15].

4. HHD thermodynamics

The HHD version of thermodynamics differs radically from the 
standard version, with far-reaching implications [12, 15]. For 
clarity, throughout this section the HHD entropy and other ther-
modynamic functions will be denoted by the subscript ‘HHD’.

Although HHD always use the subscript ‘G’ (Gibbs) for their 
entropy, I have not found any evidence that Gibbs himself advo-
cated the HHD thermodynamic principles that are discussed in 
this section. The Gibbs entropy is defined in section 5.2. It may 
be used with either HHD or standard thermodynamics.

An essential assumption of HHD thermodynamics is that 
each system that it applies to has a single, well-defined energy. 
This does not mean that the width of the energy distribution is 
approximated by a delta function because it is very narrow; it 
means that the energy is specified exactly for a classical sys-
tem, and is given by an exact energy eigenvalue for quantum 
systems. Since thermal contact between two systems leaves 
them with broadened energy distributions when they are sepa-
rated, HHD thermodynamics does not apply to such individ-
ual systems [15]. This is also discussed in section 8.5.3.

4.1. HHD temperature

The temperature in the HHD version of thermodynamics is 
defined by an equation  which looks superficially like equa-
tion (7) for standard thermodynamics

1
THHD

=

(
∂SHHD

∂U

)

V ,N
. (10)

However, since HHD reject equation (6) (which equates the 
corresponding partial derivatives with respect to energy in two 
systems in thermal contact) as being ‘naive’ [12], the HHD 
temperature cannot be justified by the same arguments that 
led to equation (7). In [12] this equation for the temperature is 
‘obtained according to the basic rules of thermodynamics by 
partial differentiation’, and in [15] they state that equation (10) 
‘defines the thermodynamic temperature’. Since HHD offer 
no other reason for regarding THHD as the temperature, it must 
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be regarded as an unproved assumption of their theory. This is 
an important point because the HHD definition of temperature 
is essential to their assertion that heat can flow from a cold 
object to a hot object.

THHD can also take on the same value for different states of 
a given system [12, 15].

4.2. HHD entropy for a composite system

HHD thermodynamics is really a combination of thermo-
dynamics and statistical mechanics. The HHD entropy of a 
composite system is not the sum of the entropies of the indi-
vidual systems, unless the individual systems are not in ther-
mal equilibrium with each other. If the individual systems 
are in thermal equilibrium with each other, a separate calcul-
ation in statistical mechanics is necessary to find the total 
HHD entropy. The entropy of the composite system cannot be 
obtained from the entropies of the individual systems by any 
obvious operation.

Every time a constraint is released, a new calculation in 
statistical mechanics is required. As a consequence, HHD 
thermodynamics is not fully determined by specifying the M 
entropy functions of the M individual systems. It also requires 
M(M − 1)/2 entropy functions for interactions involving two 
systems, M(M − 1)(M − 2)/6 entropy functions for inter-
actions involving three systems, and so on. For a complete 
evaluation of the conditions of thermal equilibrium, a total of 
2M  −  1 calculations of entropy would be necessary, in con-
trast to M calculations of the individual entropy functions for 
standard thermodynamics.

4.3. HHD reject additivity

In his book, ‘Elementary Principles in Statistical Mechanics’, 
Gibbs wrote that,

The most simple test of the equality of temperature 
of two bodies is that they remain in equilibrium when 
brought into thermal contact [16].

The additivity of entropy requires the Gibbs test to be valid 
(see section  3.4), but HHD reject it, calling this position 
‘naive’ [12, 15].

The Gibbs test for the equality of temperatures is not sat-
isfied by the Gibbs entropy with standard thermodynamics 
when applied to a decreasing density of states. Consequently, 
to maintain the viability of the Gibbs entropy, HHD thermo-
dynamics rejects additivity.

However, additivity is a necessary consequence of the sec-
ond law. Consider two isolated systems, A and B, with entro-
pies SA and SB. Assume that if they are brought together, ‘there 
would be no net energy transfer between the systems’ [12]. 
Denote their joint entropy after they are brought into thermal 
equilibrium as SA,B. Then SA,B � SA + SB , to avoid an immedi-
ate violation of the second law. Next, separate A and B. Now 
SA + SB � SA,B , again to avoid a violation of the second law. 
The only way to satisfy both inequalities is for SA + SB = SA,B , 
which is the condition of additivity.

In rejecting additivity, HHD have conceded that their ther-
modynamics can make no prediction of anything measurable 
for a system whose energy is not known exactly. Normal 
1/
√

N  fluctuations due to previous contact with another sys-
tem are sufficient to exclude a prediction [15].

The cause of these limitations is the doctrine that HHD 
thermodynamics only applies to systems with a precisely 
specified energy. Although the usual interpretation of the 
Boltzmann entropy is that it makes an approximation to the 
very narrow real energy distribution, this is not the case for 
HHD thermodynamics [12, 15]. Since all systems that have 
been in thermal contact with another system exhibit fluctua-
tions of order 1/

√
N , it is hard to avoid concluding that HHD 

thermodynamics has no application in the real world.

4.4. HHD entropy is not a function of the extensive  
observables

Unlike standard thermodynamics (see Postulate 1 in sec-
tion 3.2) the entropy in HHD thermodynamics is not a func-
tion of the extensive variables alone [12, 15]. For magnetic 
systems, they define entropy to be a function of magnetic 
field, instead of magnetization. From one point of view, there 
is nothing wrong with this; the entropy as a function of the 
magnetization is a valid equation of state. However, it is not a 
fundamental equation, from which all thermodynamic infor-
mation can be obtained [43, 45, 46].

The use of magnetic field as the independent variable is 
the origin of the incorrect results obtained by Campisi for 
the magnetization as a function of energy [13]. The error was 
ascribed to the Boltzmann entropy, but a calculation starting 
from the entropy as a function of magnetization gives the cor-
rect answer. Abraham and Penrose have also commented that 
a calculation starting from the entropy as a function of magn-
etic field is ambiguous [33].

HHD thermodynamics is also primarily a theory of the energy 
dependence of the entropy. There is no procedure, such as that 
described in the previous section  for thermal equilibrium, for 
calculating the entropy when two systems exchange particles. 
Presumably, another calculation in statistical mechanics is nec-
essary. Such calculation would inevitably involve N! and show 
a relative error of order ln(N)/N , which is even larger than the 
relative error of 1/N that they objected to in the first place.

4.5. The HHD versions of the laws of thermodynamics

Instead of basing their version of thermodynamics on postu-
lates, HHD give their own version of the laws of thermody-
namics. They are worth examining in detail since they differ 
from the usual expressions in crucial ways.

4.5.1. HHD’s zeroth law. For the zeroth law, HHD mention 
the formulation:

If two systems A and B are in thermal equilibrium with 
each other, and B is in thermal equilibrium with a third 
system C, then A and C are also in thermal equilibrium 
with each other [12].
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This phrasing seems quite reasonable. However, they limit 
their interpretation of ‘thermal equilibrium’ to systems actu-
ally in thermal contact.

Two systems are in thermal equilibrium, if and only if 
they are in contact so they can exchange energy, and 
they have relaxed to a state in which there is no average 
net transfer of energy between them anymore [12].

HHD also define ‘potential’ thermal equilibrium as:

Two systems are in potential thermal equilibrium if they 
are not in thermal contact, but there would be no net en-
ergy transfer between the systems if they were brought 
into (hypothetical) thermal contact [12].

They do not regard potential thermal equilibrium as being 
equivalent to thermal equilibrium, except in the special case 
that the two separated systems were in thermal equilibrium 
and have not subsequently been in contact with any other sys-
tems (see [15] and section 8.5).

The total HHD entropy of two systems is different depend-
ing on whether they are in thermal equilibrium or potential 
thermal equilibrium, even if no macroscopic measurement 
can distinguish between the two cases [15].

HHD reject the usual interpretation of using either thermal 
equilibrium or potential thermal equilibrium in the expression 
of the zeroth law, claiming that,

none of the considered temperature definitions satisfies 
this requirement [12].

Actually, TB only has an error of order 1/N, which is much less 
than the 1/

√
N -fluctuations and experimentally unmeasurable 

for macroscopic systems [27]. TC and TGC satisfy the condi-
tion for potential equilibrium exactly. It is only TG that seri-
ously fails to satisfy the requirements of the usual zeroth law.

HHD’s final version of the zeroth law is that

One can assign to every thermal equilibrium system a 
real-valued ‘temperature’ T, such that the temperature 
of any of its subsystems is equal to T [12].

Since the HHD version of the zeroth law restricts attention to 
systems that are in thermal contact with each other, it does not 
confront the difficulty of having seven distinct values of TG 
to choose from when the systems are separated, as had been 
pointed out earlier [27]. This ambiguity prevents the construc-
tion of a thermometer to measure TG.

4.5.2. HHD’s first law. The first law of thermodynamics is the 
conservation of energy, which is not controversial.

4.5.3. HHD’s second law. The second law is quite differ-
ent in HHD from its form in standard thermodynamics. As 
mentioned in section 4.2, in HHD thermodynamics the total 
entropy of two or more systems in equilibrium with each other 
is not obtained from the entropies of its constituent systems, 
but from a separate calculation in statistical mechanics. Fur-
thermore, the calculation only produces the total entropy as 
a function of the total energy, SHHD,j,k(Ej + Ek, Nj, Nk). As a 

consequence, the HHD entropy of a composite system is inde-
pendent of the distribution of energy between the individual 
systems. The equilibrium values of the energies of the indi-
vidual systems, E∗

j  and E∗
k , cannot be determined by the loca-

tion of the maximum of the entropy [15]. As far as I have been 
able to tell, the equilibrium values cannot be predicted in any 
other way by HHD thermodynamics. The equilibrium values 
E∗

j  and E∗
k  remain unknown until they are measured [15].

Imposing a constraint by separating two systems that were 
in equilibrium with each other creates a special problem, 
because each system now has a width to the energy probabil-
ity distribution. Since the entropy is only defined for a sys-
tem with a unique energy, it is not defined for the individual 
systems after they are separated [15]. The view of HHD is 
that the two systems are still in equilibrium with each other 
after they have been separated, and still have a total entropy 
of SHHD,j,k(Ej + Ek, Nj, Nk) until they interact with a third 
system.

In 2015, Wang and I published an argument challenging 
the claim that HHD thermodynamics always satisfied the sec-
ond law [27]. Our argument showed that the joint entropy was 
strictly greater than the sum of the individual entropies,

SHHD;1,2(E1 + E2) > SHHD;1(E
eq
1 ) + SHHD;2(E

eq
2 ), (11)

where Eeq
1  and Eeq

2  were the equilibrium values of the energies 
of the individual systems after they were separated. Therefore, 
we concluded that the total entropy decreased when the sys-
tems were separated.

HHD objected as follows:

In this context, it is worthwhile to note that any sub-
sequent attempt to decouple the two systems results in 
non-microcanonical distributions for the separated sys-
tems, since the exact individual energies are not known 
any more due to the permanent energy exchange dur-
ing the equilibration phase (i.e. thermal coupling is ir-
reversible). This means that, without further manipula-
tion or measurements (or the introduction of a Maxwell 
demon), the total entropy remains S1+2(E1 + E2) after 
separation, a fact that has been missed by authors [27], 
who recently criticised the Gibbs entropy [15].

We had assumed that the entropies of systems 1 and 2 would 
be state functions in HHD thermodynamics, as they are in 
standard thermodynamics. Apparently, this is not the case. It 
is true that the individual energies would be not be known 
exactly, but they should be calculable with sufficient accuracy 
to demonstrate the violation of the second law. The point that 
we missed was that HHD thermodynamics is saved from mak-
ing the incorrect prediction that ∆S < 0, by making no pre-
diction at all.

It is quite true that even if the individual systems were in 
an exact energy state before the experiment, they would not 
be afterwards [28]. Apparently, in the absence of a measure-
ment of the exact energy, HHD thermodynamics makes no 
prediction.

In this connection, the quote from HHD’s [15] in this 
subsection includes the remarkable statement that, ‘thermal 
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coupling is irreversible’, which would make the analysis of 
the Carnot cycle impossible if it were true.

4.5.4. HHD’s third law. HHD did not discuss the third law 
(Nernst postulate), but no disagreement is expected.

4.6. Difficulties with three systems

HHD thermodynamics difficulties increase if three systems 
are considered.

Imagine three systems that somehow start in exact energy 
states, EA, EB, and EC. Systems A and B are brought to equi-
librium with each other and then decoupled. Systems A and B 
are now in equilibrium with each other and their total entropy, 
SHHD,A,B(EA + EB), is found from a calculation in statistical 
mechanics. The individual energies E∗

A and E∗
B are unknown, 

because HHD thermodynamics makes no prediction. Now 
bring system B into thermal equilibrium with system C, 
and later separate them. The new energies E∗∗

B  and E∗∗
C  are 

unknown, and their sum is unknown. The situation is now 
that: (1) A is still in equilibrium with B, but its energy E∗

A 
is unknown, and its share of the entropy SHHD,A,B(EA + EB), 
is also unknown, (2) B is not in equilibrium with A. B is in 
equilibrium with C, but the energy E∗∗

B  is unknown, (3) C is 
in equilibrium with B, but its energy E∗∗

C  is unknown, (4) the 
joint entropy of B and C is unknown because the total energy 
of B and C, E∗

B + EC = E∗∗
B + E∗∗

C  is also unknown.
It is easily demonstrated that standard thermodynamics 

correctly calculates the final energies E∗
A, E∗∗

B , and E∗∗
C , along 

with the final entropies SA(E∗
A), SB(E∗∗

B ), and SC(E∗∗
C ).

4.7. A basic question about HHD thermodynamics

Given the restriction of the applicability of HHD thermody-
namics to systems with precisely specified energy, the ques-
tion arises as to whether any such systems exist. I agree with 
HHD that after a system has been in thermal equilibrium with 
another system it does not have a precisely specified energy 
[28]. However, every system has been in contact with another 
system at some point in its history, which would seem to con-
tradict the basic HHD assumption about the initial conditions 
for their thermodynamics.

The point is an important one. If HHD decide to abandon 
the restriction to systems with exactly known energies and say 
that the HHD entropy also applies to systems with a narrow 
energy distribution, they are subject to Wang and my demon-
stration that their entropy violates the second law [52].

5. The Boltzmann entropy and the Gibbs entropy

5.1. The classical model

Since the Callen postulates determine equilibrium by maxi-
mizing the entropy after the release of constraints in a com-
posite system, it is appropriate to construct such a composite 
system from M � 2 systems that we are interested in (M can 
be very large, since all systems that might exchange energy, 

volume, or particles should be included). Assume that inter-
actions between systems may be neglected. Then, the total 
Hamiltonian is the sum of contributions from each system

HT =

M∑
j=1

Hj(Ej, Vj, Nj). (12)

The energy, volume, and particle number of system j are given 
by Ej, Vj , and Nj  3. The entire set of M systems is assumed to 
be isolated, with the sums given by,

M∑
j=1

Ej = ET ,
M∑

j=1

Vj = VT ,
M∑

j=1

Nj = NT , (13)

where ET, VT , and NT are constants. Only 3(M − 1) of the 
variables are independent.

The range of the interactions within a system is not 
restricted. Homogeneity is not required, so extensivity is not 
generally expected4.

The probability distribution for the macroscopic variables 
{Ej, Vj, Nj| j = 1, 2, . . . , M}, can be derived from the assump-
tion of a uniform probability distribution in phase space  
[32, 34, 55–57].

5.2. Classical SB and SG

The total Boltzmann entropy can be defined as the logarithm 
of the probability distribution. Since the mode of the prob-
ability distribution can be used to locate a narrow peak, the 
Boltzmann distribution is guaranteed to predict the equilib-
rium values of the macroscopic variables.

The one exception is the case of a first-order phase trans-
ition, for which the probability distribution is very broad. In 
this case, the Boltzmann entropy fails to give the thermody-
namic entropy, although it does prove useful in the analysis of 
first-order phase transitions [4, 58–60]. The problem is that, 
in this case, the Boltzmann distribution has a region of posi-
tive curvature, which is forbidden by an exact thermodynamic 
inequality [34, 43, 45, 46].

The Boltzmann entropy for the jth system is

SB,j = kB ln

[
1

h3Nj Nj!

∫ ∞

−∞
dp3Nj

j

∫

Vj

dq3Nj
j δ(Ej − Hj)

]
. (14)

It was derived by Boltzmann under the assumption that equi-
librium corresponded to the maximum probability when 
a constraint between two systems is released [17, 18, 56]5. 
Boltzmann only considered the energy dependence in his deri-
vation, but otherwise, it was essentially the same.

The Gibbs entropy is given by

3 I will only write the equations for a single type of particle. The generaliza-
tion to a variety of particles is trivial, but requires indices that might obscure 
the essential argument.
4 I am distinguishing extensivity from additivity. The entropy of a system 
is extensive when λS(U, V , N) = S(λU,λV ,λN). The entropies of two 
systems are additive when SA,B = SA + SB .
5 Equation (14) is not dimensionally correct as it stands and there should be 
a multiplicative constant with units of energy to make the argument of the 
logarithm dimensionless. Since this has the effect of adding a constant to the 
entropy that has no effect on any measurable quantity, this is usually ignored.
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SG,j = kB ln

[
1

h3Nj Nj!

∫ ∞

−∞
dp3Nj

j

∫

Vj

dq3Nj
j Θ(Ej − Hj)

]

 

(15)

where Θ(·) is the unit step function. Gibbs showed that this 
equation satisfied all the properties he was interested in, sub-
ject to the conditions that classical mechanics was used and 
the density of states increased with energy [16]. In 1910, 
Hertz proved that SG was adiabatically invariant under the 
same conditions [61].

First-order phase transitions were not discussed in either 
paper nor was the question of negative temperatures.

5.3. Quantum SB and SG

Planck defined the Boltzmann entropy for quantum mechani-
cal systems as (the Boltzmann constant times) the logarithm 
of the degeneracy of each eigenstate [62, 63].

The quantum version of the Gibbs entropy was defined as 
the logarithm of the sum of degeneracies for energy eigenval-
ues less than or equal to the energy of interest.

5.4. Comparison of SB and SG

Both SB and SG are only defined for quantum systems on a 
discrete set of points, although entropy should be a continuous 
function of energy [28].

Both SB and SG fail to give an entropy that satisfies the 
exact thermodynamic inequality that demands that the curva-
ture of S versus U must be negative [43, 45, 46]

(
∂2S
∂U2

)

V ,N
� 0. (16)

For both classical and quantum mechanics, SB and SG 
assume that the number of particles, N, is known exactly. 
Actually, if the system of interest has ever exchanged particles 
with another system, N is not known exactly and 〈N〉, which is 
a continuous variable, should be used instead.

For classical models, SB predicts the mode of the probabil-
ity distribution for all thermodynamic experiments. Since the 
mode differs from the mean by order 1/N, it does not predict 
the mean exactly, although the difference is not measurable 
for a macroscopic system [52]. The use of the mode has been 
regarded as a fault by critics of the Boltzmann entropy because 
it is associated with a violation of adiabatic invariance of order 
1/N (also unmeasurable).

SG gives the exact energy versus temperature equation for 
classical systems with a positive slope of the density of states 
versus energy. It also gives an exact prediction of equilib-
rium energy for thermal equilibrium (under the same condi-
tions) using standard thermodynamics. This is not the case for 
quant um systems; SG has only a small error (again under the 
same conditions), but it is not exact.

For a negative slope of the density of states versus 
energy, SB predicts the correct location (of the mode) of 
equilibrium energy for thermal equilibrium using standard 

thermodynamics, while SG does not even come close [12, 
27]. As discussed in section  4.5.3, HHD thermodynamics 
does not make predictions of equilibrium energy for thermal 
equilibrium.

5.5. The limited controversy

As I mentioned in the Introduction, some authors view the 
controversy as being limited to a choice between SB and SG 
[12, 13] I think that this is an unreasonable restriction and I 
will explain my own opinion of the best definition of entropy 
in the following section. However, it seems clear that the 
argument against SB is basically the (1/N)-error in the energy, 
which is unmeasurable. The argument against SG is the easily 
measurable error in the energy in thermal equilibrium (using 
standard thermodynamics) or the failure to predict any energy 
(using HHD thermodynamics). In my opinion, being measur-
able wins and I favor the Boltzmann entropy.

6. The canonical ensemble

The relationship between the partition function for the 
canonical ensemble, Z, and the Helmholtz free energy, 
F = −kBT ln Z , is well known from textbooks [43, 45, 46]. 
The Helmholtz free energy can be found by the Legendre 
transform F  =  U[T]  =  U  −  TS, where the transformed vari-
able is indicated by enclosing it in square brackets. Massieu 
functions use a Legendre transform of the entropy with respect 
to the energy (or the number of particles) for the same purpose. 
The use of Massieu functions is somewhat less well known, 
but the Legendre transforms are essentially the same. It is easy 
to show that S[β]/kB = lnZ  [34]. All thermodynamic func-
tions can be calculated by standard methods. In addition, S[β] 
is well defined for negative values of β.

There is an approximation inherent in the microcanoni-
cal ensemble in statistical mechanics that is well-known, but 
its importance has not always been appreciated. The micro-
canonical ensemble assumes that the microscopic energy is 
specified exactly, which is a reasonable approximation since 
the true width of the distribution is of order 1/

√
N , which is 

assumed to be less than the experimental resolution. However, 
the non-zero width of the energy distribution plays a signifi-
cant role in the theory and is responsible for the difference in 
the energy dependence of the Boltzmann and the Gibbs entro-
pies. If we eliminate this approximation, we find two other 
definitions of entropy. I will show that both of these are super-
ior to either the Gibbs or the Boltzmann entropies.

6.1. The justification of the canonical entropy

From the thermodynamic point of view, if system X has been 
in thermal equilibrium with system Y and then separated 
from it, it can be characterized by its temperature. Although 
the width of the energy distribution is known to depend on 
the size of system Y [64], this does not affect the thermo-
dynamic state of the system X. In fact, there is no way to 
determine the size of system Y through a thermodynamic 
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measurement of system X. In particular, the entropy of sys-
tem X does not depend on the size of system Y. Therefore, 
SC,X[β]/kB = ln Z  (where SC,X[β] is the Legendre transform 
with respect to β, and Z is the canonical partition function) 
can be calculated as if system Y were arbitrarily large [34]. 
A Legendre transform will then give the canonical entropy, 
SC,X(UX , VX , NX).

The independence of the entropy on the size of the sys-
tem it has been in contact with can be illustrated as follows. 
Consider three macroscopic systems labeled X, Y, and Z. Let 
systems X and Y be of the same composition and to be equal 
in size. Let system Z be much larger than X and Y.

Put three systems are in thermal contact and have them 
come to equilibrium. The entropies of systems X and Y are 
then equal, and each given by the canonical entropy.

Now remove system Z from thermal contact with the other 
two systems. This is obviously a reversible process in standard 
thermodynamics. By the zeroth law, X and Y are still in equilib-
rium with each other at the same temperature as before Z was 
removed. For consistency, the entropies must be unchanged. 
If the entropy were to decrease, it would be a violation of the 
second law of thermodynamics (and the second essential pos-
tulate). If the entropy were to increase upon separation, put-
ting system Z back into thermal contact with systems X and 
X would decrease the entropy, which would also violate the 
second law. The only possibility consistent with the second 
law is that the entropy is unchanged.

Another way to see this is to consider that a thermometer 
should not affect the thermodynamic state of a system, even 
though it is almost always much smaller than the system of 
interest.

Therefore, the canonical entropy is appropriate for all sys-
tems and sizes, regardless of their history.

6.2. Examples of the canonical entropy

The calculation of the canonical partition function is given 
for the classical and quantum cases in most textbooks on 
statistical mechanics [37, 39–41, 43]. The only change from 
the usual procedure is to set SC[β]/kB = ln Z and preform a 
Legendre transform to find SC(U, V , N)

As an example, consider the classical ideal gas, which has 
the canonical entropy given in equation (17) [34]

S = kB

[
N
(

3
2

)
ln

(
U
N

)
+ ln

(
VN

N!

)

+ N
(

3
2

)
ln

(
4πm
3h2

)
+

3N
2

]
.

 

(17)

Note that the term containing the energy dependence is exactly 
extensive, while the second term (containing V) is only 
extensive in Stirling’s approximation. The energy equation, 
U = (3/2)NkBT , is also exact, while the usual Boltzmann 
entropy gives a small error of order 1/N.

For a quantum example, consider a system composed of 
independent two-level objects, with the energies of the two 
levels denoted as 0 and ε [28]. If we then define a dimension-
less energy of the system as

y =
U2-level

Nε
, (18)

the canonical entropy is then

SC,2-level = −NkB [y ln y + (1 − y) ln(1 − y)] . (19)

This canonical entropy for a set of independent two-level objects 
is exactly extensive, although neither the Boltzmann nor the 
Gibbs entropies are. The Gibbs entropy is qualitatively wrong 
for energies y  >  1/2, which can be seen from figure 1 of [28].

7. The grand canonical ensemble

The grand canonical entropy is calculated in much the same 
way as the canonical entropy, but using the grand canonical 
partition function Z .

7.1. The definition of the grand canonical Legendre transform

I will use S[β, (βµ)] for the grand canonical ensemble, so that 
we can treat negative temperatures. The second variable is in 
parentheses to emphasize that the product of β and μ is to 
be treated as a single variable. The Legendre transform with 
respect to both β and (βµ) to show that

S[β, (βµ)]/kB = lnZ . (20)

The derivation is straightforward, but the use of the Massieu 
function might not be familiar. Details are in [34].

I’ll show an explicit result for the classical ideal gas 
because it illustrates the dependence of the entropy on contin-
uous energy (U = 〈E〉) and particle number 〈N〉. It also gives 
an entropy that is exactly extensive, which should be expected 
because the ideal gas particles are completely independent

S = 〈N〉kB

[
3
2
ln

(
U
〈N〉

)
+ ln

(
V
〈N〉

)

+
3
2
ln

(
4πm
3h2

)
+

5
2

]
.

 

(21)

8. Alternate views

8.1. Early work

Gibbs first wrote down what is now known as the Gibbs 
entropy in 1902 [16]. He demonstrated that this form of the 
entropy satisfied all requirements of thermodynamics under 
two restrictions: (1) classical physics, and (2) increasing den-
sity of states with energy.

In 1910, Hertz demonstrated that the Gibbs entropy is an 
adiabatic invariant, but that the Boltzmann expression was 
not. The error in the Boltzmann entropy was of order 1/N. The 
demonstration had the same limitations as Gibbs.

8.2. Dunkel and Hilbert

In 2006, Dunkel and Hilbert presented an interesting analysis of 
transition in small systems using the Gibbs entropy, which they 
called the Hertz entropy [6]. Their analysis is fine, but they do not 
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make a case for the Gibbs (Hertz) entropy being the thermody-
namic entropy.

In 2014, Dunkel and Hilbert published a paper with the 
title, ‘consistent thermostatistics forbids negative absolute 
temperatures’, which also states its major conclusion [10]. 
Frenkel and Warren disputed this claim, pointing out that if 
two systems with the same Gibbs temperature were brought 
together, they would not necessarily be in equilibrium [20]. 
Wang and I carried out a simulation along the lines Frenkel 
and Warren had suggested and, as expected, the two systems 
were not even close to equilibrium [27]. Dunkel and Hilbert 
responded that TG did satisfy the requirements of thermody-
namics because after they had been brought together, ‘each 
of the subsystems has the same temperature’ [11]. However, 
Frenkel and Warren were talking about the temperatures of 
the two (sub)systems before they were brought into thermal 
contact, which is not the same thing. A similar weakening 
of the zeroth law in HHD thermodynamics was discussed in 
section 4.5.1.

8.3. Campisi

Campisi has published a clever proof that the Gibbs entropy 
is correct, but it has certain limitations [13]. He bases his 
proof on two ‘thermodynamic pillars’: (1) đQ/T  is an exact 
differential, and (2) PV = kBNT . He claims that the first pil-
lar implies that the entropy must be ‘entropy must be some 
function of the phase volume’, which seems unlikely, since 
SC is not a function of the phase volume and still predicts 
the ideal gas law. The use of the ideal gas law as a pillar 
limits the proof to positive (Boltzmann) temperatures. He 
is supporting the work of Gibbs and Hertz, and is limited in 
the same way. Campisi’s claim that the volume entropy is 
unique is incorrect.

8.4. Romero-Rochín

Romero-Rochín has claimed ‘that states of macroscopic 
systems with purported absolute negative temperatures are 
not stable under small, yet arbitrary, perturbations’ [9]. By 
‘perturbation’, he means contact with another system, and 
by ‘small’, he means that the other system is small. The term 
‘arbitrary’ is misleading. He is limiting the other system to 
one that can only support positive temperatures. Such sys-
tems can absorb arbitrarily large amounts of energy inde-
pendent of size.

When a system that exhibits a negative temperature is 
brought into contact with a system that only supports positive 
temperatures, the final equilibrium temperature is positive. In 
that, Romero-Rochín is correct.

However, if the second system can also support negative 
temperatures, the final inverse equilibrium temperature can 
be anywhere between the two initial inverse temperatures, 
depending on the relative size of the systems. If both systems 
started with negative temperatures, the final equilibrium will 
be at a negative temperature.

8.5. Hänggi, Hilbert and Dunkal

8.5.1. Criticism of the Ising model. In their subsection 2.v of 
[15], HHD claim that ‘Ising models are bad benchmarks’. They 
argue that, ‘there exists no evidence to date for strict upper 
energy bounds’ on Hamiltonians. HHD seem to have a par-
ticular aversion to an E → −E symmetry, although they only 
argue against models with an upper bound on the energy. They 
did not comment on the argument that these lattice models 
depend only on a dimensionless parameter K = J/kBT  (where 
J is an energy parameter). One might expect that the entropy 
only depends on K, as it does for standard thermodynamics, 
but the Gibbs entropy is very different for J  >  0 and T  >  0, and 
J  <  0 and T  <  0, even if K is the same in both cases.

It should be noted that energy in the model that Ramsey 
used to describe his experiments was bounded from  
above [2].

The Ising model has proven itself to be quite valuable, 
as have Potts models, Ashkin–Teller models, xy-models, ice 
models, eight-vertex, and hard-hexagon models [65]. Both the 
thermodynamics and the statistical mechanics of such mod-
els is extremely interesting and have found broad applica-
tions. I would hate to see them banished from consideration. 
There is no difficulty in dealing with these models in standard 
thermodynamics.

8.5.2. ‘Open questions’. In section 4 of [15] marked ‘Open 
questions’, HHD address the issue of the discrete spectrum 
of quantum systems and write that, ‘the construction of a dif-
ferentiable DoS requires some sort of smoothing procedure’. 
The discrete set of energies included in the microcanoni-
cal ensemble is due to the neglect of linear combinations of 
eigenstates [28]. Calculations in [28] and [29] show that a 
smoothing procedure is not an appropriate way to deal with 
the missing states, SB and SG are systematically lower than the 
correct entropy curve.

8.5.3. Criticism of myself and Wang. In [15] HHD criticized 
of my work and that of Wang. They wrote:

Last and least, some authors [26, 27, 52] have recently 
criticised the microcanonical Gibbs formalism [3, 5] 
by limiting their discussion to infinite systems and  
advocating modified versions of the thermodynamic 
laws, tailored to favour their own preferred entropy defi-
nitions [15].

The citations [27, 52] are by Wang and myself. We dis-
cussed only finite systems, and not infinite systems as HHD 
claimed.

Reference [26] is by Wang. He did mention the thermo-
dynamic limit, but he equated the limit N → ∞ with ‘large 
systems’6. In any case, none of his arguments relied on the 
limit N → ∞.

On the other hand, a criticism of HHD that used the limit 
N → ∞ would still be valid.

6 In [26] Wang commented, ‘We do not need to take N literately to infinity’.
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The ‘modified versions of the thermodynamic laws’ HHD 
refer to are described in section 3.5. I believe that they repre-
sent the standard view [35–45, 46].

HHD continue:

If one accepts such reasoning, then one must also be 
willing to replace the exact equations (2.5)–(2.7) with 
inexact approximations—which seems a steep price to 
pay [15].

The predictions of SB have a discrepancy of the order of 
1/N with HHD’s equations (2.5) and (2.6). Compared to the 
fluctuations of order 1/

√
N , these deviations are unmeasur-

able [27]—they certainly do not represent ‘a steep price’. SB 
satisfies the inequality in HHD’s equation (2.7) exactly. The 
expressions for the thermodynamic entropy that I advocate, SC 
and SGC, satisfy HHD’s equations (2.5)–(2.7) exactly.

HHD have another criticism of our work.

Moreover, instead of focusing on the discussion of ab-
stract postulates [52], it may also be useful to remind 
ourselves that the purpose of any thermodynamic the-
ory should be the prediction of physically measurable 
quantities, such as pressure, magnetization, etc. which 
correspond to operationally well-defined statistical av-
erages [15].

As I showed in section  4, while standard thermodynamics 
makes accurate predictions for all thermodynamic experi-
ments, HHD thermodynamics does not. It avoids incor-
rect predictions by not making predictions. If the apparent 
impossibility of constructing a thermometer to measure TG is 
taken into account, HHD thermodynamics makes no testable 
predictions.

9. Summary

9.1. Small systems and HHD thermodynamics

Throughout this paper, I have assumed that thermodynamics 
must be valid for finite macroscopic systems, and that HHD 
were claiming that they had extended thermodynamics to 
apply to small systems. There is another possibility. Perhaps 
they meant (although they did not say so) that HHD thermo-
dynamics is intended to apply only to small systems. That 
would be consistent with their comment in connection with 
the example discussed in [15] and section 4.5.3 that ‘thermal 
coupling is irreversible’. This statement makes no sense when 
applied to finite macroscopic systems, but it can be under-
stood for small systems. If the width of the energy distribution 
before thermal coupling is too narrow to be resolved, but after 
thermal coupling the energy fluctuations are large enough to 
be observed, the situation could be regarded as showing an 
irreversible change. The failure to predict the exact energy 
after separation would also be consistent with this interpreta-
tion because a repetition of the experiment would result in 
a different energy. It would also explain why HHD thermo-
dynamics fails to give an entropy to the individual systems 
after separation, since their energies are unknown. However, 

HHD thermodynamics still fails to predict the average energy, 
or any other measurable quantity. Standard thermodynamics 
and the (grand) canonical entropy would predict the average 
energy correctly. I have to conclude that limiting HHD ther-
modynamics to small systems does not save it.

9.2. The future

I have shown that HHD thermodynamics is not an acceptable 
theory. Standard thermodynamics is consistent and the addi-
tivity of entropy is valid. Heat flows only from hot to cold. 
Negative temperatures are thermodynamically consistent.

The microcanonical assumption that thermodynamic sys-
tems have a precisely specified energy must be viewed as an 
approximation, not an exact reflection of reality. In quant um 
mechanics, demanding that a system be in an eigenstate 
ignores all states that can be formed by linear combinations of 
eigenstates [28]. If the discreteness of the energy and the par-
ticle number is ignored, the Boltzmann entropy gives excel-
lent results (away from a first-order transition).

The two expressions for the entropy that are the most 
valuable, the canonical and the grand canonical, have been 
known for a very long time. However, it has not always been 
recognized that they are generally applicable to interactions 
between finite systems.

For future work on the properties of small systems, the 
most promising approach seems to be a straightforward appli-
cation of statistical mechanics. As computers continue to 
improve in speed and capacity, direct simulations will also be 
increasingly able to study small systems.
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