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Exercise class 7: Semi-classical approach and the
geometric tensor

1 Interband formulas for Berry quantities

1.1 Time independent perturbation theory

Let’s consider a perturbated Hamiltonian H = H0 +εH1 with ε� 1. The non-degenetare eigenvectors
of H0 are denoted |ϕn〉 of energy En. Can we find the eigenvectors of H as an perturbative expansion
of the eigenvectors of H0?

1. Let’s define |Φn〉 = |φn〉+ ε |ψn〉 of energy E′n = En + εFn. We can choose |ψn〉 orthogonal to |ϕn〉.
Write the equation verified by |ψn〉 and Fn.

2. Multiplying by 〈φn|, deduce the expression of Fn.

3. By expanding |ψn〉 on the eigenbasis of H0, find the first order correction of the eigenstate of H.

4. Find the second order correction to the eigenenergy.

1.2 Berryology

1. We now consider a Bloch Hamiltonian Hk of eigenstates {|unk〉} and energies Enk. Transpose the
previous result in order to show that

|∂kunk〉 =
∑
m 6=n

〈umk |∂kHk|unk〉
En − Em

|umk〉 (1)

2. Deduce the expression of the Berry curvature Ωnk = i 〈∂kunk| × |∂kunk〉.

3. What is the value of the Berry connection Ank? The choice of the expression (1) is arbitrary. Give
another valid choice for |∂kunk〉 that would give a different result for Ank.

4. Due to the geometry of the k-space, a Bloch electron also has an orbital magnetic moment that can
be written mnk = − ie

~ 〈∂kunk| × (En −Hk) |∂kunk〉. Express mnk as a sum over the other bands.

5. In the case of a two-band model, find a simple relation between Ωnk and mnk.

6. In such a 2-band model, the Hamiltonian can be written

Hk =
(

∆ (fk)?
fk −∆

)
= E0

(
cosβ sin βe−iθ

sin βeiθ − cosβ

)
(2)

where in particular cosβ = ∆/E0. The Berry connection in the band α = ±1 is given by Ank =
−α sin2 β

2 ∇kθ. Show the following relation for the Berry phase of a loop C:

Γ(C) = πWC(1− cosβ) (3)

where WC is a topological quantity to be determined.
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2 Introduction to the Quantum Geometric Tensor: Article by Ma
et al.

1. Read the attached article, in particular pages 1-2 and the final discussion before the conclusion.
(Do not try to understand every sentence. . . )

2. Define quantum geometric tensor, Berry curvature and quantum metric (or Fubini-Study metric).

3. Explain the apparition of the Levi-Civita connection.

4. What are the differences and ressemblances between the Chern number and the Euler number?

5. Summurize the main result of the paper.
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Abstract – We propose a topological Euler number to characterize nontrivial topological phases
of gapped fermionic systems, which originates from the Gauss-Bonnet theorem on the Riemannian
structure of Bloch states established by the real part of the quantum geometric tensor in momen-
tum space. Meanwhile, the imaginary part of the geometric tensor corresponds to the Berry
curvature which leads to the Chern number characterization. We discuss the topological numbers
induced by the geometric tensor analytically in a general two-band model. As an example, we
show that the zero-temperature phase diagram of a transverse field XY spin chain can be distin-
guished by the Euler characteristic number of the Bloch states manifold in a (1 + 1)-dimensional
Bloch momentum space.
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Introduction. – Since the discovery of the Berry
phase [1,2] contained in the quantum state with cyclic
adiabatic evolutions and the topological Chern number
interpretation for the adiabatic pumping [3,4] and the
quantized Hall conductance [5–7], the geometric and topo-
logical properties have been playing increasingly impor-
tant roles in quantum physics. Recently, new topological
phases described by the Z2 numbers have been found in
the quantum spin Hall effect and in topological insula-
tors [8–11]. A significant question is whether there exists
other quantum numbers to characterize the topological
phases. In this paper, we introduce a new topological
quantum number–Euler number to characterize the topo-
logical phase of a gapped fermionic ground state, which is
based on the Gauss-Bonnet theorem on the Riemannian
structure established by the real part of the quantum ge-
ometric tensor [12,13] in momentum space.

As a Hermitian metric induced on the quantum states
manifold, the quantum geometric tensor originates from
defining a local U(1) gauge-invariant quantum distance
between two states in a parameterized Hilbert space. This
effort results in a Riemannian structure of the quantum
states manifold, and the corresponding Riemannian metric

is given by the real part of the geometric tensor. Remark-
ably, its imaginary part, canceled out in the quantum dis-
tance, was later found to be just the Berry curvature up
to a constant coefficient.

The geometric tensor has recently drawn a lot of at-
tention in characterizing the novel collective behaviors of
quantum many-body systems in low temperature [14–18].
As a more general covariant tensor than the Berry curva-
ture on the Hilbert space geometry, the quantum geomet-
ric tensor defined on the ground-state manifold is naturally
expected to shed some light on the understanding of
quantum phase transitions in many-body systems [19]. In-
deed, recent studies [20–22] have shown that the ground-
state geometric tensor can provide a unified approach of
the fidelity susceptibility [23] and the Berry curvature to
demonstrate the singularity and scaling behaviors exhib-
ited in the vicinity of quantum critical point [24–27].

On the other hand, the properties of the ground state,
i.e., some physical response function, can be insensitive to
local perturbations and the system can undergo a topo-
logical phase transition [28], which is beyond Landau’s
second-order phase transitions paradigm with the pattern
of symmetry breaking and local order parameters. One
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of the best-known examples is the integer quantum Hall
effect, where the Hall conductivity is expressed as the
first Chern number in units of e2/h. To our knowledge,
the previous studies on the ground-state geometric tensor
are trapped in the local properties, i.e., the fidelity sus-
ceptibility and the partial derivatives of the Berry phase,
and then only the phase boundaries can be witnessed by
this approach [29–32]. Some works have shown that the
ground-state Berry phases protected by some symmetry
can been used as local order parameters to study various
topological phases [33,34]. The Z2 number characteriza-
tion as a quantized Berry phase of Bloch states for spin
chain systems has been proposed in our recent work (see
ref. [35]).

In this work, we introduce a topological Euler num-
ber, based on a quantum geometric tensor defined in the
Bloch states manifold, to characterize quantum phases of
a gapped fermionic ground state. We discuss this ap-
proach analytically in a general two-band model. As an
example, we show that there exists a topological quantum
phase transition in a transverse field XY spin-1/2 chain
in (1 + 1)-dimensional momentum space. We show that
the phase diagram can be distinguished by the topological
Euler characteristic number, meanwhile, a nontrivial Z2

number is also obtained by the integral of the Berry cur-
vature as the imaginary part of the geometric tensor over
half of the Brillouin zone, which is converted from the
first Chern number for the time-reversal–invariant Bloch
Hamiltonian.

Topological Euler number in momentum space.
– To begin with, we introduce the notion of quantum
geometric tensor in Bloch momentum space, which can
be derived from a gauge-invariant distance between two
Bloch states on the U(1) line bundle induced by the
quantum adiabatic evolution of the Bloch state |un(k)〉
of the n-th filled band. The quantum distance between
two states |un(k+δk)〉 and |un(k)〉 is given by dS2 =∑

μ,υ〈∂μun(k)dkμ|∂υun(k)dkυ〉, where μ, ν denote the
components kμ and kν , respectively. The term |∂μun(k)〉
can be decomposed as |∂μun(k)〉 = |Dμun(k)〉 + [1 −
P(k)]|∂μun(k)〉, where Pn(k) = |un(k)〉〈un(k)| is the pro-
jection operator and |Dμu(k)〉 = Pn(k)|∂μun(k)〉 is the
covariant derivative of |un(k)〉 on the line bundle. Un-
der the condition of the quantum adiabatic evolution, the
evolution of |un(k)〉 to |un(k + δk)〉 will undergo a parallel
transport, then we have |Dμun(k)〉 = 0. Finally, we can
obtain dS2 =

∑
μ,υ〈∂μun(k)|[1 − Pn(k)]|∂νun(k)〉dkμdkυ.

The quantum geometric tensor is given by

Qn
μν = 〈∂μun(k)|[1 − Pn(k)]|∂νun(k)〉. (1)

The geometric tensor can be rewritten as Qn
μν = Gn

μν −
iFn

μν/2, where Gn
μν = ReQn

μν can be verified as a
Riemannian metric, or called the Fubini-Study metric,
which establishes a Riemannian manifold of the Bloch
states, and then the quantum distance can be writ-
ten as dS2 =

∑
μ,υ ReQn

μνdkμdkυ. The term Fn
μν =

−2ImQn
μν is canceled out in the summation of the dis-

tance due to its antisymmetry, but can associate to
a 2-form Fn =

∑
μ,υ Fn

μνdkμ ∧ dkν , which is noth-
ing but the Berry curvature. The geometric tensor is
also a local response function of the Bloch state, we
find that the Gn

μν can be associated to a distance re-
sponse as limΔk→0(ΔS/Δk)2 =

∑
μ,υ Gn

μν∂kkμ ⊗ ∂kkν

which is just the concept of fidelity susceptibility, and
Fn

μν can be associated to a phase response function

as limσ→0(|un(k)〉Final − |un(k)〉Initial)|un(k)〉−1
Initialσ

−1 =∑
μ,υ Fn

μν∂kkμ ∧ ∂kkν , where σ is the area element en-
closed by a cyclic path in the momentum space.

Now we consider the topological properties of the
geometric tensor in momentum space. Note that the Bril-
louin zone has the topology of a torus if we take the pe-
riodic gauge |un(k)〉 = eiG·r|un(k + G)〉, and then the
ground state satisfies |Ψ(k)〉 = |Ψ(k +G)〉, where G is the
reciprocal lattice vector. Without loss of generality, we
consider a gapped fermionic Hamiltonian in 2D momen-
tum space, where the unique Bloch state |un(k)〉 forms
a U(1) line bundle on a torus T 2 formed by the 2D Bril-
louin zone. The corresponding Berry curvature Fn

μν for the
Bloch state |un(k)〉 is given by Fn

μν = −2Im〈∂μun(k)|[1 −
|un(k)〉〈un(k)|]|∂νun(k)〉. The topological invariant on the
U(1) line bundle of all occupied bands is the first Chern
number

Ch1 =
1

2π

∑

n

∫∫

Bz

Fn
μνdkμdkν . (2)

What is more interesting is that there exists another topo-
logical invariant —the Euler characteristic number, which
originates from the Gauss-Bonnet theorem on the 2D
closed manifold established by the Riemannian metric Gn

μν

for the Bloch state |un(k)〉. The theorem states that the
number χ(M2) := 1

2π

∫
M2 KdA is a topological invariant

named Euler characteristic number and equals to 2(1 − g)
with genus g for a closed smooth manifold, where K is the
Gauss curvature and dA is the element of area of the sur-
face. In two dimensions, the Euler number of all occupied
bands can be calculated using the metric Gn

μν as follows:

χ =
1

4π

∑

n

∫∫

Bz

Rn
√

det(Gn
μν )dkμdkν , (3)

where the Rn is the Ricci scalar curvature associate
to the Bloch state |un(k)〉 and here the metric Gn

μν =
Re〈∂μun(k)|[1−|un(k)〉〈un(k)|]|∂νun(k)〉. The Ricci scalar
curvature R can be calculated by the following standard
steps: R = GabRab, and Rab = Rc

acb, where the Rieman-
nian curvature tensor Rd

abc = ∂bΓ
d
ac − ∂aΓd

bc + Γe
acΓ

d
be −

Γe
bcΓ

d
ae, and the Levi-Civita connection Γa

bc can be calcu-
lated by Γa

bc = 1
2Gad(∂bGdc + ∂cGbd − ∂dGcb).

Analytical results in two-band model. – Here let
us consider a 1D translational invariant fermionic system
with two bands separated by a finite gap. The Hamilto-
nian can be written as H =

∑PBC
l,l′∈N Ψ†

l,l′Hl,l′Ψl,l′ , where

Ψ†
l,l′ = (c†

l , cl′) denotes a pair of fermionic creation and
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annihilation operators on the sites l and l′, Hl,l′ is a
2 × 2 Hermitian matrix, and the periodic boundary con-
dition (PBC) has been imposed. In spite of its simplicity,
this model has a wide range of applications, such as the
Bogoliubov-de Gennes Hamiltonian in superconductivity
and graphite systems.

In order to obtain an appropriate definition of geo-
metric tensor to describe the ground state of the sys-
tem in a 2D manifold, we can perform the system a local
U(1) gauge transformation with H(ϕ) = g(ϕ)Hg(ϕ)+ by

a time-dependent twist operator g(ϕ) =
∏l−1

j=1 eiϕ(t)c†
jcj ,

and here ϕ(t) is a real function of time t. Note

that the terms c†
l c

†
l′ and clcl′ exist in the Hamiltonian

H , so we have [g(ϕ), H ] �= 0 which ensure this op-
eration is nontrivial. Meanwhile, this operation does
not change the system’s energy spectrum, but endows
the system with the topology of a torus in (1 + 1)-
dimensional momentum space. After the Fourier trans-
formations cl = 1√

N

∑
k eiklak and c†

l = 1√
N

∑
k e−ikla†

k,

the Hamiltonian H(ϕ) is transformed into H(ϕ) =∑
k∈Bz Ψ†

k,ϕH(k, ϕ)Ψk,ϕ, where Ψk,ϕ = (ak,ϕ, a†
−k,ϕ)T .

The Hamiltonian H(k, ϕ) can be generally written as

H(k, ϕ) = ε(k)I2×2 +
∑3

α=1 dα(k, ϕ)σα, where I2×2 is the
2 × 2 identity matrix and σα are the three Pauli matri-
ces, represent the pseudo-spin degree of freedom. The
energy spectrum is readily obtained as E±(k) = ε(k) ±√∑3

α=1 d2
α(k, ϕ), and the corresponding eigenvector is

u(ϕ, k)± =
1√

2d(d ∓ d3)

(
d1 − id2

±d − d3

)
, (4)

where d =
√∑3

α=1 d2
α(k, ϕ). The Hamiltonian can

be diagonalized as H(ϕ) =
∑

k∈Bz E+(k)α†
k,ϕαk,ϕ +

E−(k)β†
k,ϕβk,ϕ, where the quasi-particle operators are

αk,ϕ = [u(ϕ, k)+]†Ψk,ϕ and βk,ϕ = [u(ϕ, k)−]†Ψk,ϕ.

The ground state |GS〉 is the filled fermion sea |GS〉 =∏
k∈Bz β†

−k,ϕβ†
k,ϕ|0〉. Note that if ϕ(0) = 0 and ϕ(T ) = π,

then we have H(0) = H(T ) and if we adopt the peri-
odic gauge |un(k)〉 = eiGl|un(k + G)〉, G is the recip-
rocal lattice vector. Then the system has the topology
of a torus in the (1 + 1)-dimensional momentum space.
There exists a quantum geometric tensor Qkϕ induced on
the momentum space Qkϕ = 〈∂ku−|[1 − |u−〉〈u−|]|∂ϕu−〉.
More specifically, substituting eq. (4) into the Berry cur-
vature Fkϕ = −2ImQkϕ = 〈∂ku−|∂ϕu−〉 − 〈∂ϕu−|∂ku−〉,
we can verify the relation that Fkϕ = 1

2 [d̂ · ∂kd̂ × ∂φd̂]kϕ,

d̂ denotes the unit vector d/d. The Riemannian met-
ric Gkϕ = ReQkϕ = 1

2 〈∂ku−|∂ϕu−〉 + 1
2 〈∂ϕu−|∂ku−〉 −

〈∂ku−|u−〉〈u−|∂ϕu−〉. The calculation of Gkϕ is tedious,
but we find that there exists a correspondence relation

as
√

det G =
√

[d̂ · ∂kd̂ × ∂ϕd̂]2/4, and then we have

detG = (F/2)2. Finally, we can calculate the Euler

number as follows:

χ =
1

16π

∫
R

√
(d̂ · ∂kd̂ × ∂φd̂)2dkdϕ, (5)

and the first Chern number

Ch1 =
1

4π

∫
(d̂ · ∂kd̂ × ∂φd̂)dkdϕ. (6)

XY spin chain in (1+ 1)-dimensional momentum
space. – Here we choose an anisotropic XY spin-1/2 chain
in a transverse magnetic field as an example, the system
is given by the following Hamiltonian: HS = − ∑PBC

l∈N (1+
γ)sx

l sx
l+1 + (1 − γ)sy

l sy
l+1 + hsz

l , where N is the total sites
of the spin chain, γ is the anisotropy parameter in the in-
plane interaction and h is the transverse magnetic field.
It is well known that the system undergoes a transition
from a paramagnetic to a ferromagnetic phase at h = ±1,
which belongs to the universality class of the transverse
Ising model. The ferromagnetic order in the XY-plane is in
the x-direction (y-direction) if γ > 0 (γ < 0) and |h| < 1.
Now we subject the system to a local gauge transformation
HS(ϕ) = g(ϕ)HSg(ϕ)+ by a time-dependent twist opera-
tor g(ϕ) =

∏
l e

iϕ(t)sz
l , which in fact makes the system

rotate on the spin along the z-direction, so that we have
g(ϕ)sx

l g(ϕ)† = sx
l cosϕ(t) − sy

l sin ϕ(t) and g(ϕ)sy
l g(ϕ)† =

sy
l cosϕ(t)+sx

l sin ϕ(t). This operation extends the Hamil-
tonian into (1 +1)-dimension without changing its energy
spectrum. Meanwhile, we assume ϕ(0) = 0, ϕ(T ) = π
and we have HS(0) = HS(T ) and if we adopt the periodic
gauge |un(k)〉 = eiGl|un(k+G)〉, G is the reciprocal lattice
vector. Then the system has the topology of a torus T 2

in the (1 + 1)-dimensional Bloch momentum space. Af-
ter the standard calculation steps, we can transform the
spin Hamiltonian HS into a free fermion Hamiltonian as
H(k, ϕ) = ε(k, ϕ)I2×2+

∑3
α=1 dα(k, ϕ)σα, where ε(k, ϕ) =

0, d1(k, ϕ) = 1
2γ sin k sin 2ϕ, d2(k, ϕ) = 1

2γ sin k cos 2ϕ,
and d3(k, ϕ) = − 1

2 (h + cos k). Here the Riemannian met-
ric is given by

Gkϕ =
1

4

⎛
⎜⎜⎝

γ2(1+h cosk)2

(h+cosk)2+γ2 sin2 k
0

0
2γ2 sin2 k

(h+cosk)2+γ2 sin2 k

⎞
⎟⎟⎠ ,

(7)
and then we can obtain the Ricci scalar R = 8 by the stan-
dard procedures. Finally, the Euler number is given by

χ =
2

π

∫ ∣∣∣∣∣
�d · ∂k

�d × ∂φ
�d

d3

∣∣∣∣∣ dkdϕ

=

∫ π

0

√
γ4(1 + h cos k)2 sin2 k

[(h + cos k)2 + γ2 sin2 k]3
dk. (8)

In fig. 1, we show that the properties of the Berry cur-
vature and the metric tensor in the vicinity of quantum
critical points. As expected, both the Berry curvature and
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Fig. 1: (Color online) (a) The gauge invariant
√

g as a function
of k and h; (b) the Berry curvature Fkϕ as a function of k and h.

Fig. 2: (Color online) The Euler number as a characteriza-
tion of the phase diagram of a transverse field XY spin chain
as a function of the transverse field h and the anisotropy
parameter γ.

metric tensor exhibit singularity around the phase transi-
tion points, but as a local quantity, neither of them can
serve as a topological order to characterize a topological
phase.

As shown in fig. 2, the ferromagnetic ordered phase in
the XY spin chain exhibits a nontrivial even Euler num-
ber χ = 2, and the Euler number declines rapidly from
2 to 0 in the paramagnetic phase. Note that the system
is time-reversal invariant, so the Berry curvature Fkϕ is
odd with k, and the first Chern number, as the integral of
the Berry curvature Fkϕ in the Brillouin zone, is equal to
zero. It is clear that the Chern number is not an appro-
priate topological number for this case. However, it has
been pointed out in our recent work [35] that a nontrivial
Z2 number can be obtained as a quantized Berry phase
along a loop over half (or quarter) of the Brillouin zone,

Z2 =
1

2π

∫ π

0

dϕ

∫ π

0

γ2(1 + h cos k) sin k

[(h + cos k)2 + γ2 sin2 k]3/2
dk

=

{
1, if 0 < |h| < 1;
0, otherwise.

(9)

Here, the Z2 number is induced by the Berry curvature
Fkϕ (imaginary part of the geometric tensor) reflecting
the topological obstruction of the U(1) principal bundle.

Fig. 3: (Color online) (left) The gapless point (red dot) en-
closed in the torus is converted into a monopole in the d-space
(right), and corresponds to a topological sphere of the ground
state Riemannian manifold with the Euler number χ = 2.

In contrast, the Euler number is induced by the Rieman-
nian metric Gkϕ (real part of the geometric tensor) of the
Bloch state in a (1 + 1)-dimensional momentum space,
which reflects the number of the genus of the Bloch states
manifold.

The above results can be understood in an intuitional
picture. As shown in fig. 3, we can see the monopole as
a gapless point in the torus in the (1 + 1)-dimensional
momentum space corresponding to the zero point in the
three-dimensional d-space. It can be verified that only if
|h| < 1 then the monopole is enclosed by the surface of
dα(k, ϕ), which corresponds to a topological sphere of the
ground-state Riemannian manifold with the Euler num-
ber χ = 2. In this case, the first Chern number is not
an effective characterization because of the time-reversal
invariance, and the Z2 number can be expressed as the
quantized upper hemispherical flux of the monopole.

Conclusion. – We have introduced the Euler charac-
teristic number χ as a new topological quantum number
to distinguish the topological phase transitions in gapped
fermionic systems. In particular, we show that the zero-
temperature phase diagram of a transverse field XY spin
chain can be characterized by the Euler numbers in the
(1 + 1)-dimensional momentum space. We show that it
is the Euler number instead of the Chern number to be
an effective characterization of the nontrivial topologi-
cal phases in the time-reversal–invariant systems. This
approach provides another description of the topological
nature of the ground state in gapped fermionic systems.
We hope that this work will raise renewed interest in
the understanding of the topological nature in quantum
condensed-matter systems.
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Additional remark : After this manuscript has been
submitted, we note that recently a similarly work on
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